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Brauer Groups and Tate-Shafarevich Groups
By Cristian D. Gonzalez-Aviles
Abstract. Let XK be a proper, smooth and geometrically con-
nected curve over a global ﬁeld K. In this paper we generalize a for-
mula ofMilne relating the order ofthe Tate-Shaf arevich group ofthe
Jacobian of XK to the order ofthe Brauer group ofa proper regular
model of XK. We thereby partially answer a question ofGrothendieck.
0. Introduction
Let K be a global ﬁeld, i.e. K is a ﬁnite extension of Q (the “number
ﬁeld case”) or is ﬁnitely generated and oftranscendence degree 1 over a
ﬁnite ﬁeld (the “function ﬁeld case”). In the number ﬁeld case we let U
denote a nonempty open subscheme ofthe spectrum ofthe ring ofintegers
of K, and when K is a function ﬁeld in one variable with ﬁnite ﬁeld of
constants k, we let U denote a nonempty open subscheme ofthe unique
smooth complete curve over k whose function ﬁeld is K. We will write S
for the set of primes of K not corresponding to a point of U. Further, we
will write K for the separable algebraic closure of K and Γ for the Galois
group of K over K. The completion of K at a prime v will be denoted by
Kv.
Assume now that a regular, connected, 2-dimensional scheme X is given
together with a proper morphism π: X → U whose generic ﬁber XK =
X ×U SpecK is a smooth geometrically connected curve over K. Let δ
(resp. δ ) denote the index (resp. period)o fXK. These integers may be
deﬁned as the least positive degree ofa divisor on XK and the least positive
degree ofa divisor class in Pic( XK)Γ, respectively, where XK = XK ⊗K K.
For each prime v of K, we will write δv and δ 
v for the analogous quantities
associated to the curve XKv. It is known that there are only ﬁnitely many
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primes v for which δv  = 1. Further, Lichtenbaum [16] has shown that δv
equals either δ 
v or 2δ 
v for each prime v (we note that the arguments of
[16], which in principle apply only to ﬁnite extensions of Qp, are in fact
valid for arbitrary local ﬁelds). We will write d for the number of primes
v for which δv =2 δ 
v. These primes were called “deﬁcient” in [27], and we
sometimes refer to d as the number of deﬁcient primes of XK. Now let A
be the Jacobian variety of XK. It has long been known (see [34], §3) that
there exist close connections between the Brauer group Br(X)o fX and
the Tate-Shafarevich group W(A)o fA. These connections were explored
at length by Grothendieck in his paper [9], in a more general setting than
the one considered here. The following theorem can be extracted from [9],
p. 121.
Theorem (Grothendieck). In the function ﬁeld case, suppose that
δv =1for all primes v of K. Then there exist a ﬁnite group T2 ⊂ W(A)
of order δ , a ﬁnite group T3 of order dividing δ, and an exact sequence
0 → Br(X) → W(A)/T2 → T3 → 0.
Regarding this result, Grothendieck (op. cit., p. 122) asked for the exact
order of T3. This problem was solved by Milne [21] (see also [22], III.9.6),
who used Cassels-Tate duality to compute the order of T3. In order to state
Milne’s result, which covers both the function ﬁeld and number ﬁeld cases,
we need the following deﬁnition. Let
Br(X)  = Ker
 
Br(X) →
 
v∈S
Br(XKv)
 
.
Thus Br(X)  is the group ofelements in the Brauer group of X becoming
trivial on XKv for all v ∈ S. Then one has the
Theorem (Milne). Assume that δv =1for all primes v of K and that
W(A) contains no nonzero inﬁnitely divisible elements. Then the period of
XK equals its index, i.e. δ  = δ, and there is an exact sequence
0 → Br(X)  → W(A)/T2 → T3 → 0,Brauer Groups and Tate-Shafarevich Groups 393
where T2 and T3 are ﬁnite groups of order δ. In particular, if one of W(A)
or Br(X)  is ﬁnite, then so is the other, and their orders are related by
δ2[Br(X) ]=[ W(A)].
Grothendieck (loc. cit.) went on to pose the problem ofmaking explicit
the relations between Br(X) and W(A) when the integers δv are no longer
assumed to be equal to one1. In this paper we generalize the methods
developed by Milne in [21] to prove the above theorem and obtain the
following stronger result, which may be viewed as a partial solution to
Grothendieck’s problem2.
Main Theorem. Assume that the integers δ 
v are relatively prime in
pairs (i.e., (δ 
v,δ  
¯ v)=1for all v  =¯ v) and that W(A) contains no nonzero
inﬁnitely divisible elements. Then there is an exact sequence
0 → T0 → T1 → Br(X)  → W(A)/T2 → T3 → 0,
in which T0, T1, T2 and T3 are ﬁnite groups of orders
[T0]=δ/δ 
[T1]=2 e
[T2]=δ /
 
δ 
v
[T3]=
δ /
 
δ 
v
2f ,
where
e = max(0,d− 1)
and
f =
 
1 if δ /
 
δ 
v is even and d ≥ 1
0 otherwise.
1To be precise, Grothendieck stated an equivalent form of this problem.
2In the last section of the paper we show that if a certain plausible conjecture holds
then it is possible to give a complete answerto Gr othendieck’s question.394 Cristian D. Gonzalez-Aviles
Here d is the number of deﬁcient primes of XK deﬁned previously. In
particular, if one of W(A) or Br(X)  is ﬁnite, then so is the other, and
their orders are related by
δδ  [Br(X) ]=2 e+f  
(δ 
v)2 [W(A)].
Some immediate corollaries are
Corollary 1. Suppose that one of W(A) or Br(X)  is ﬁnite. Assume
also that δv = δ 
v for all v (which holds for instance if XK has genus 13),
and that these integers are relatively prime in pairs. Then δ = δ  and
δ2 [Br(X) ]=
 
δ2
v [W(A)].
In particular, if δv =1for all v, then
δ2 [Br(X) ]=[ W(A)].
Note that this last formula is precisely the formula of Milne stated before.
Corollary 2. Assume that one of W(A) or Br(X)  is ﬁnite and that
δ 
v =1for all v (the latter holds for instance if XK has genus 2). Then
δδ  [Br(X) ]=2 e+f [W(A)],
where e and f are as in the statement of the theorem.
In the function ﬁeld case our main result, when combined with a formula
ofGordon [5, p. 196], should imply the expected equivalence ofthe conjec-
tures ofArtin and Tate f or X [34, Conj. C] and Birch and Swinnerton-
Dyer for A [34, Conj. B] (this is Tate’s “elementary” conjecture (d) of
[34]), at least under the additional assumption that the structure morphism
3Regarding the parenthetical assertions in the statements of both corollaries, see [16]Brauer Groups and Tate-Shafarevich Groups 395
π: X → U is cohomologically ﬂat in dimension 0. We expect to address
this issue in a separate publication.
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1. Preliminaries
We keep the notations introduced in the previous section. Thus in par-
ticular X is a regular connected scheme ofdimension 2 equipped with a
proper morphism π: X → U such that its generic ﬁber XK is a smooth and
geometrically connected curve over K.
Remark. The U-scheme X is a proper regular model ofits generic
ﬁber. Conversely, ifwe start with a (geometrically connected) proper and
smooth curve XK over K, then there is a closed immersion XK → Pn
K (for
some n) and we can obtain a U-scheme X as above, with generic ﬁber XK,
by applying Lipman’s desingularization process [2], [17] to the schematic
image of XK in Pn
U.
The Picard scheme of XK/K, PicXK/K, is a smooth group scheme over
K whose identity component, Pic0
XK/K, is an abelian variety, the Jacobian
variety of XK. Henceforth, we will write P for PicXK/K and (in accordance
with previous notations) A for Pic0
XK/K. The following holds: if L is any
ﬁeld containing K such that XK(L) is nonempty, then P(L) = Pic(XL)
(for the basics on the relative Picard functor, see [3, §8.1] or [6]). Further,
there is an exact sequence of Γ-modules
0 → A(K) → P(K)
deg
−→ Z → 0,
where deg is the degree map on P(K) = Pic(XK). In particular A(K)
may be identiﬁed with Pic0(XK), the subgroup ofPic( XK) consisting of
divisor classes ofdegree zero (in this paper we shall regard the elements of396 Cristian D. Gonzalez-Aviles
Pic(XK) mainly as classes ofdivisors. See below). Now we observe that
P(K)=P(K)Γ = Pic(XK)Γ. Further, there is an exact sequence (deduced
from the preceding one by taking Γ-invariants)
0 → A(K) → P(K)
deg
−→ δ Z → 0,
where δ  is the period of XK as deﬁned previously.
For any regular connected scheme Y , R(Y ) will denote the ﬁeld ofra-
tional functions on Y . There is an exact sequence
0 → R(XK)∗/K
∗ → Div0(XK) → Pic0(XK) → 0
which induces an exact sequence
(1) 0 → R(XK)∗/K∗ → Div0(XK) → A(K) → A(K)/Pic0(XK) → 0.
Observe that A(K)/Pic0(XK) is a ﬁnite abelian group, since it is ﬁnitely
generated (by the Mordell-Weil theorem) and isomorphic to a subgroup of
the torsion group H1(Γ,R(XK)∗/K
∗). Similarly, P(K)/Pic(XK) is ﬁnite
and there is an exact sequence
(2) 0 → R(XK)∗/K∗ → Div(XK) → P(K) → P(K)/Pic(XK) → 0.
We also have an exact sequence
0 → Div0(XK) → Div(XK)
deg
−→ δ Z → 0,
where δ is the index of XK as deﬁned previously. We note that δ may also
be deﬁned as the greatest common divisor ofthe degrees ofthe ﬁelds L over
K such that XK(L)  = ∅.
Lemma 1.1. The period of XK divides its index, i.e. δ |δ, and
[P(K) : Pic(XK)] = (δ/δ ) · [A(K) : Pic0(XK)].Brauer Groups and Tate-Shafarevich Groups 397
Proof. The ﬁrst assertion of the lemma follows from the deﬁnitions.
Regarding the second, an application ofthe snake lemma to the commuta-
tive diagram
0 − → Div0(XK) − → Div(XK) − → δ Z − → 0


 


 


 
0 − → A(K) − → P(K) − → δ  Z − → 0
yields, using (1) and (2) above, an exact sequence
0 → A(K)/Pic0(XK) → P(K)/Pic(XK) → δ  Z/δZ → 0.
The lemma is now immediate.  
It is clear from the deﬁnitions that if L is any ﬁeld containing K, then the
index (resp. period) of XL divides the index (resp. period) of XK. Thus,
for any prime v of K, δv|δ and δ 
v|δ , where δv and δ 
v are, respectively, the
index and period of XKv. Further, since XK(Kv)  = ∅ for all but ﬁnitely
many primes v (see for example [13, p. 249, Remark 1.6]), we conclude that
there are only ﬁnitely many primes v with δv  = 1. The analogous statement
with δv replaced by δ 
v holds true as well, since δ 
v|δv for each v.W en o w
write ∆ (resp. ∆ ) for the least common multiple of the integers δv (resp.
δ 
v). Clearly, ∆|δ and ∆ |δ . Further, since δv = δ 
v or 2δ 
v for each v as
mentioned earlier, we have
∆
∆  =
 
1i f δv = δ 
v for all v
2 otherwise.
We now consider the map
Σ:
 
v
δ−1
v Z/Z → Q/Z, (xv)  →
 
xv .
Lemma 1.2. We have
[KerΣ] =
 
δv/∆398 Cristian D. Gonzalez-Aviles
and
I mΣ=∆ −1Z/Z.
Proof. That the image ofΣ is exactly ∆ −1Z/Z follows easily from
the fact that gcd
 ∆
δv
 
= 1. The rest ofthe lemma is clear.  
Next we consider the map
D : Z/δ Z →
 
v
Z/δ 
vZ
given by x mod δ   → (x mod δ 
v). Since the kernel of D is ∆ Z/δ Z, the
following lemma is clear.
Lemma 1.3. We have
[KerD]=δ /∆ 
and
[CokerD]=
 
δ 
v/∆ .
For each prime v of K, we will write Γv for the Galois group of Kv over
Kv. From the cohomology sequence associated to the exact sequence of
Γv-modules 0 → A(Kv) → P(Kv)
deg
−→ Z → 0 we get an exact sequence
(3) 0 → Z/δ 
vZ → H1(Γv,A) → H1(Γv,P) → 0.
Now by work ofLichtenbaum [16] and Milne [19] (see also [22, Remark
I.3.7]), there exists a perfect pairing
H0(Γv,A) × H1(Γv,A) → Q/Z,
where H0(Γv,A) denotes A(Kv)/NKv/KvA(Kv)i fv is archimedean and
A(Kv) otherwise. Relative to this pairing, the annihilator ofthe image
ofPic 0(XKv)i nH0(Γv,A) under the canonical map A(Kv) → H0(Γv,A)Brauer Groups and Tate-Shafarevich Groups 399
is exactly the image of Z/δ 
vZ in H1(Γv,A) under the map in (3). Conse-
quently the following holds
Lemma 1.4. We have
[A(Kv) : Pic0(XKv)] = δ 
v.
We now combine the previous lemma with an analogue ofLemma 1.1 to
obtain
Lemma 1.5. We have
[P(Kv) : Pic(XKv)] = δv.
Remark. The archimedean case ofLemma 1.5 was originally estab-
lished by Witt in 1935 [38]. For an interesting review ofthis and other
related classical results in terms of´etale cohomology, see [30, §20.1].
We now derive a slight variant ofthe snake lemma (Proposition 1.6
below). It is one ofthe basic ingredients ofthe proofofour Main Theorem.
Consider the following exact commutative diagram in the category of
abelian groups
(4)
0 −→ A1 −→ A2
f
−→ A3 −→ A4 −→ A5 −→ 0


 


 


 η


 λ


 µ
0 −→ B1 −→ B2
g
−→ B3 −→ B4 −→ B5 −→ 0
(we have labeled only those maps which are relevant to our purposes). There
is an induced exact commutative diagram
A3 −−−→ A4 −−−→ A5 −−−→ 0


 ¯ η


 λ


 µ
0 −−−→ B3/Img −−−→ B4 −−−→ B5 −−−→ 0400 Cristian D. Gonzalez-Aviles
in which ¯ η is the composition of η with the canonical map B3 → B3/Img.
An application ofthe snake lemma to the above diagram (using the f act
that Imf ⊂ Ker¯ η ) yields
Proposition 1.6. To any exact commutative diagram of the form (4)
there is associated an exact sequence
0 → Imf → Ker¯ η → Kerλ → Kerµ → Coker¯ η,
where ¯ η is as deﬁned above.
The following result supplements Proposition 1.6.
Lemma 1.7. With the above notations, there is an exact sequence
0 → Kerη → Ker¯ η → Img → Cokerη → Coker¯ η → 0.
Proof. This is nothing more than the kernel-cokernel sequence [22,
I.0.24] for the pair of maps A3
η
−→ B3 → B3/Img. The maps in the exact
sequence ofthe lemma are the natural ones, e.g. Im g → Cokerη is the
composite Img  → B3 → B3/Imη = Cokerη.  
2. Proof of the Main Theorem
All cohomology groups below are either Galois cohomology groups or
´ etale cohomology groups. We will view Γv as a subgroup of Γ in the stan-
dard way, i.e., by identifying it with the decomposition group of some ﬁxed
prime of K lying above v. For each v,i n v v : Br(Kv) → Q/Z will denote
the usual invariant map oflocal class ﬁeld theory. The n-torsion subgroup
ofan abelian group M will be denoted by Mn−tor.
We begin by recalling a fundamental exact sequence. Since Hq(XK,
Gm) = 0 for all q ≥ 2 [20, Ex. 2.23(b), p. 110], the Hochschild-Serre
spectral sequence
Hp(Γ,Hq(XK,Gm)) ⇒ Hp+q(XK,Gm)Brauer Groups and Tate-Shafarevich Groups 401
yields (see [4, XV.5.11]) an exact sequence
(5) 0 → Pic(XK) → P(K) → Br(K) → Br(XK) → H1(Γ,P) → 0,
where the zero at the right-hand end comes from the fact that H3(Γ,K
∗)=
0 [22, I.4.21]. (We have used here the well-known facts that Pic(XK)=
H1(XK,Gm) and that the Brauer group ofa regular scheme ofdimension
≤ 2 agrees with the cohomological Brauer group ofthe scheme.) Similarly,
for each prime v of K there is an exact sequence
(6) 0 → Pic(XKv) → P(Kv)
gv −→ Br(Kv) → Br(XKv) → H1(Γv,P) → 0.
Lemma 2.1. For each prime v of K, we have
Imgv = Br(Kv)δv−tor.
Proof. By Lemma 1.5, Imgv is a subgroup ofBr( Kv) oforder δv.
On the other hand the invariant map invv induces an isomorphism
Br(Kv)δv−tor
∼ −→ δ−1
v Z/Z, whence the lemma follows.  
We now consider the commutative diagram
0 − → Pic(XK) − → P(K) − → Br(K) − → Br(XK) − → H1(Γ,P) − → 0


 


 


 η


 


 
0 − →
 
v
Pic(XKv) − →
 
v
P(Kv)
g
− →
 
v
Br(Kv) − →
 
v
Br(XKv) − →
 
v
H1(Γv,P) − → 0
in which the direct sums extend over all primes of K, the vertical maps are
the natural ones and g = ⊕vgv. This diagram is ofthe f orm considered
at the end ofSection 2, and we may theref ore apply to it Proposition 1.6
above. Before doing so, however, we call upon
Lemma 2.2. (a) There is an exact sequence
0 → Br(K)
η
−→
 
v
Br(Kv)
 
invv −→ Q/Z → 0.402 Cristian D. Gonzalez-Aviles
(b) There is an exact sequence
0 → Br(X) → Br(XK) →
 
v/ ∈S
Br(XKv),
where S is the set of primes of K not corresponding to a point of U.
Proof. Assertion (a) is one ofthe main theorems ofclass ﬁeld theory.
See [35, §11]. Assertion (b) is proved in Lemma 2.6 of[21].  
We now apply Proposition 1.6 to the diagram above using the preceding
lemma. We get an exact sequence
0 → P(K)/Pic(XK) → Ker¯ η → Br(X)  → W(P) → Coker¯ η,
where ¯ η: Br(K) →
 
v Br(Kv)
 
Img is induced by η and
Br(X)  = Ker
 
Br(X) →
 
v∈S
Br(XKv)
 
.
Now by Lemma 1.1, the order of P(K)/Pic(XK) equals (δ/δ ) · [A(K):
Pic0(XK)]. Regarding the kernel and cokernel of¯η, the following holds.
Proposition 2.3. We have
[Ker¯ η]=
 
δv/∆,
and the map
 
invv :
 
Br(Kv) → Q/Z induces an isomorphism
Coker¯ η   Q/∆−1Z.
Proof. By combining Lemmas 1.7, 2.1 and 2.2 we obtain an exact
sequence
0 → Ker¯ η →
 
Br(Kv)δv−tor
 
invv −→ Q/Z → Coker¯ η → 0.Brauer Groups and Tate-Shafarevich Groups 403
Now, for each v, the invariant map invv induces an isomorphism
Br(Kv)δv−tor   δ−1
v Z/Z, whence it follows that the kernel and cokernel
of
 
invv in the above exact sequence may be identiﬁed with the kernel
and cokernel ofthe map Σ considered in Section 1. The proposition now
follows from Lemma 1.2.  
We now summarize the results obtained so far.
Corollary 2.4. There is an exact sequence
0 → T0 → T1 → Br(X)  → W(P) → Q/∆−1Z,
where T0 and T1 are ﬁnite groups of orders
[T0]=( δ/δ ) · [A(K) : Pic0(XK)]
[T1]=
 
δv/∆.
We now prove
Theorem 2.5. Assume that the integers δ 
v are relatively prime in
pairs. Then
A(K) = Pic0(XK).
Proof. There is an exact commutative diagram
0 −−−→ A(K)/Pic0(XK) −−−→ Br(K)


 


 η
0 −−−→
 
all v
A(Kv)/Pic0(XKv) −−−→
 
all v
Br(Kv),
in which the vertical maps are the natural ones and the nontrivial horizon-
tal maps are induced by the maps P(K)/Pic(XK) → Br(K) and
P(Kv)/Pic(XKv) → Br(Kv) coming from (5) and (6). Arguing as in the
proofofLemma 2.1 (this time using Lemma 1.4 in place ofLemma 1.5), we404 Cristian D. Gonzalez-Aviles
conclude that for each v the image of A(Kv)/Pic0(XKv)i nB r ( Kv) equals
Br(Kv)δ
v−tor. It follows that A(K)/Pic0(XK) embeds into Ker¯ η , where
¯ η  : Br(K) →
 
v
Br(Kv)/Br(Kv)δ
v−tor
is induced by η. We now argue as in the proofofProposition 2.3 to conclude
that the order ofKer¯η  equals
 
δ 
v/∆ . But this number is equal to 1 by
hypothesis, and the theorem follows.  
We now recall from the introduction the integer d, which was deﬁned to
be the number ofprimes v of K for which δv =2 δ 
v. As noted just before
the statement ofLemma 1.2, ∆ /∆  = 1 or 2 according as d =0o rd ≥ 1.
We now observe that
 
δv
∆
=
 
∆
∆ 
 −1  
(δv/δ 
v) ·
 
δ 
v
∆ 
=2 e
 
δ 
v
∆  ,
where
e = max(0,d− 1).
Therefore if the integers δ 
v are relatively prime in pairs, then
 
δv/∆=2 e.
Thus Corollary 2.4 and Theorem 2.5 together imply
Corollary 2.6. Assume that the integers δ 
v are relatively prime in
pairs. Then there is an exact sequence
0 → T0 → T1 → Br(X)  → W(P)
φ
−→ Q/∆−1Z,
in which T0 and T1 are ﬁnite groups of orders
[T0]=δ/δ 
[T1]=2 e,
where e = max(0,d− 1).Brauer Groups and Tate-Shafarevich Groups 405
We turn now to the problem ofrelating W(P)t oW(A).
There is an exact commutative diagram
0 − → Z/δ Z − → H1(Γ,A) − → H1(Γ,P) − → 0


 D


 


 
0 − →
 
all v
Z/δ 
vZ − →
 
all v
H1(Γv,A) − →
 
all v
H1(Γv,P) − → 0,
in which D is the diagonal map ofSection 1 and the rows come f rom the
cohomology sequences of
0 → A → P
deg
−→ Z → 0
over K and over Kv. Applying the snake lemma to the above diagram, we
obtain the exact sequence
(7) 0 → KerD → W(A) → W(P) → CokerD.
Now let T2 = KerD. Then by Lemma 1.3,
(8) [T2]=δ /∆  .
Further, the order ofCoker D equals
 
δ 
v/∆ . Therefore the following holds
Proposition 2.7. Suppose that the integers δ 
v are relatively primes in
pairs. Then there is an exact sequence
0 → T2 → W(A)
ρ
−→ W(P) → 0,
in which T2 is a ﬁnite group of order
[T2]=δ /
 
δ 
v.
In what follows we shall regard T2 as a subgroup of W(A) by identifying
it with the kernel ofthe map ρ in Proposition 2.7.
Combining Corollary 2.6 and Proposition 2.7, we obtain406 Cristian D. Gonzalez-Aviles
Corollary 2.8. Assume that the integers δ 
v are relatively prime in
pairs. Then there is an exact sequence
0 → T0 → T1 → Br(X)  → W(A)/T2 → Q/∆−1Z,
in which T0, T1 and T2 are ﬁnite groups of orders
[T0]=δ/δ 
[T1]=2 e
[T2]=δ /
 
δ 
v ,
where e = max(0,d− 1).
It remains only to compute T3, the image of W(A)/T2 in Q/∆−1Z under
the map ofCorollary 2.8, or equivalently, the image ofthe composite map
W(A)
ρ
−→ W(P)
φ
−→ Q/∆−1Z, where φ and ρ are the maps in Corollary
2.6 and Proposition 2.7, respectively. We will show that T3 has the order
stated in the introduction by generalizing [21, Lemma 2.11].
We begin by recalling from [21, Remark 2.9] the explicit description of
the map φ : W(P) → Q/∆−1Z.
We write E for the canonical map Div(XK) → Pic(XK)=P(K). Repre-
sent α ∈ W(P) by a cocycle a ∈ Z1(Γ,P(K)), and let a ∈ C1(Γ,Div(XK))
be such that E(a)=a. Then ∂a ∈ Z2(Γ,KerE)=Z2(Γ,R(XK)∗/K
∗)
and, because H3(Γ,K
∗) = 0, it can be pulled back to an element f ∈
Z2(Γ,R(XK)∗) (here ∂ = boundary map). On the other hand, resv(a)=
∂av with av ∈ C0(Γv,P(Kv)). Let av ∈ C0(Γv,Div(XKv)) be such that
E(av)=av. Then resv(a)=∂av +div(fv) with fv ∈ C1(Γv,R(XKv)∗), and
resvf/∂fv ∈ Z2(Γv,K
∗
v). Let γv be the class ofres vf/∂fv in Br(Kv). Then
φ(α)=q
 
 
v
invv(γv)
 
,
where q is the canonical map Q/Z → Q/∆−1Z induced by the identity map
on Q.
We note that, for any divisor cv on XKv such that neither resvf nor ∂fv
has a zero or a pole in the support of cv,
(resvf)(cv)/∂fv(cv) = (degcv)resvf/∂fvBrauer Groups and Tate-Shafarevich Groups 407
(see for example [16, §4]). Here (resvf)(cv)=f(cv) ∈ Z2(Γv,K
∗
v) is the
value at (resvf,cv) ofthe cup-product pairing
Z2(Γv,R(XKv)∗) × Z0(Γv,Div(XKv)) → Z2(Γv,K
∗
v)
which is induced by the evaluation pairing R(XKv)∗×Div(XKv) → K
∗
v, and
similarly for ∂fv(cv). Since ∂fv(cv)=∂(fv(cv)) with fv(cv) ∈ C1(Γv,K
∗
v),
we see that (degcv)γv is represented by f(cv). Now choose a divisor cv on
XKv ofdegree δv such that neither f nor ∂fv has a zero or a pole in the
support of cv (this is always possible; see [14, VI, §4, Lemma 3]). Then
δvγv is represented by f(cv).
We will now deﬁne a pairing
(9) <,>: W(A) × W(A) → Q/Z
which agrees (up to sign) with the “Albanese-Picard” pairing ofPoonen
and Stoll [27] when A = Pic0
XK/K (from the ﬁrst factor) is identiﬁed with
Alb0
XK/K via the canonical polarization. In an appendix to this paper we
will show that the “Albanese-Picard” pairing alluded to above is compatible
with the “Cassels-Tate” pairing ofMilne [22, II.5.7(a)]. As the latter is
known to annihilate only the divisible part of W(A) (see [22, III.9.5]), it
will follow that the same is true of our pairing (9). This fact will be used
in the proofofCorollary 2.10.
Let α ∈ W(A) be represented by a ∈ Z1(Γ,A(K)), and let resv(a)=∂av
with av ∈ Z0(Γv,A(Kv)). Write
a = E(a), a ∈ C1(Γ,Div0(XK))
av = E(av), av ∈ C0(Γv,Div0(XKv)).
Then resv(a)=∂av + div(fv)i nC1(Γv,Div0(XKv)) with fv ∈ C1(Γv,
R(XKv)∗). Moreover, ∂a = div(f) with f ∈ Z2(Γ,R(XK)∗). Let α  be
a second element of W(A) and choose a ,a 
v,f 
v,f  as for α in such a way
that Suppaσ ∩ Supp(a )τ = ∅ for all σ,τ ∈ Γ. Deﬁne
η = f  ∪ a − f ∪ a  ∈ C3(Γ,K
∗).408 Cristian D. Gonzalez-Aviles
Then ∂η= 0 so, since H3(Γ,K
∗)=0 ,η = ∂ for some   ∈ C2(Γ,K
∗). Let
γv = f 
v ∪ resv(a) − a 
v ∪ resvf − resv( ) ∈ C2(Γv,K
∗
v),
where ∪ denotes the cup-product pairing induced by the evaluation pairing
mentioned earlier. Then γv is a 2-cocycle representing an element cv ∈
Br(Kv), and we deﬁne
<α ,α   >=
 
v
invv(cv) ∈ Q/Z.
It can be seen that this pairing is well-deﬁned and independent ofchoices.
Further, <α ,α>=0 .
Now let ε : Q/Z
∼ −→ Q/∆−1Z be the natural isomorphism which is in-
duced by multiplication by ∆−1 on Q.
Proposition 2.9. Let β be a generator of T2 ⊂ W(A) and let α  =
(∆/∆ )β. Then the composite
W(A)
ρ
−→ W(P)
φ
−→ Q/∆−1Z
is α  → ε(<α ,α   >).
Proof. Let α ∈ W(A) and deﬁne a,av,f v and f as above. Then
φ(ρ(α)) =
 
invv(γv) where δvγv is represented by f(cv) for some divisor
cv ofdegree δv on XKv.
On the other hand, we can choose α  ∈ W(A) to be represented by
a  = E(a ) where a  =∆∂P and P is any closed point of XK. Deﬁne
a 
v =∆P − (∆/δv)cv ∈ C0(Γv,Div0(XKv)).
Then a 
v = E(a 
v) satisﬁes
∂a 
v = E(∆∂P)=E(resva ) = resv(a ).
Further, resv(a )=∂a 
v, which means that we may take f 
v = 1. Further,
since ∂a  = 0, we can choose f  = 1. Then
η = −f ∪ a  = −∆(f ∪ ∂P)=−∆∂(f(P) )=0 ,Brauer Groups and Tate-Shafarevich Groups 409
which means that we can take   = 0. Then <α ,α   >= −
 
invv(γ 
v), where
γ 
v is represented by f(a 
v)=f(∆P−(∆/δv)cv)=f(P)∆/γ∆
v . Consequently
ε(<α ,α   >)=ε
 
∆
 
v
invv(γv)
 
= q
  
v
invv(γv)
 
= φ(ρ(α)),
as claimed.  
Remark. We should note that the pairing deﬁned by Milne in [21, pp.
741-742] (or in [22, Remark I.6.12, p. 100]) seems to be incorrectly deﬁned,
as the elements γv deﬁned there (resp. cv) need not be cocycles. The correct
deﬁnition ofthis pairing is given by Poonen and Stoll in [27], as a particular
case oftheir deﬁnition ofthe “Albanese-Picard” pairing mentioned above.
This explains why we have used the Poonen-Stoll pairing rather than that
deﬁned by Milne. We should also point out that, in spite ofthe problem
with the deﬁnition ofhis pairing, Milne’s proofofLemma 2.11 of[21] (which
we have generalized in order to prove our Proposition 2.9 above) remains
valid nonetheless, because for the particular choices made in that proof the
elements γv are indeed cocycles.
Corollary 2.10. Assume that W(A) contains no nonzero inﬁnitely
divisible elements. Then
[T3]=
δ /∆ 
  ∆
∆, δ
∆
 .
Proof. By our hypothesis and previous comments, the pairing (9) is
nondegenerate, and the proposition shows that T3 is isomorphic to the dual
of <α   >=( ∆ /∆ )T2. The corollary now follows from (8).  
Our Main Theorem, stated in the introduction, may now be obtained
by combining Corollaries 2.8 and 2.10.
3. Concluding Remarks
As shown in the proofofTheorem 2.5, the order of A(K)/Pic0(XK)
divides
 
δ 
v/∆ . We believe that it is always equal to
 
δ 
v/∆ . This is410 Cristian D. Gonzalez-Aviles
equivalent to the following plausible statement. Consider the nondegenerate
pairing  
v
Z/δ 
vZ ×
 
v
A(Kv)/Pic0(XKv) → Q/Z,
which is the sum ofthe local pairings
Z/δ 
vZ × A(Kv)/Pic0(XKv) → Q/Z
induced by Lichtenbaum duality (see the discussion preceding the statement
ofLemma 1.4). Then, relative to this pairing, the image ofthe diagonal
map
D : Z/δ Z →
 
v
Z/δ 
vZ
is the exact annihilator ofthe image ofthe diagonal map
D : A(K)/Pic0(XK)  →
 
A(Kv)/Pic0(XKv).
Assuming (for simplicity) that W(A) is ﬁnite, the above conjectural
statement implies in addition that the exact sequence
0 → KerD → W(A) → W(P) → CokerD → Cokerλ → Cokerµ → 0
(which is the continuation ofthe exact sequence (7); here λ and µ are the
natural maps H1(Γ,A) →
 
H1(Γv,A) and H1(Γ,P) →
 
H1(Γv,P))
splits into two short exact sequences
0 → KerD → W(A) → W(P) → 0
and
0 → CokerD → Cokerλ → Cokerµ → 0,
the second ofwhich is the dual (except possibly f or p-components in char-
acteristic p  =0 )o f
0 → Pic0(XK) → A(K) → ImD→0.
Thus ifthe above conjecture is true, then it is possible to give a complete
answer to Grothendieck’s question stated in the introduction.Brauer Groups and Tate-Shafarevich Groups 411
Appendix
As announced in the main body ofthe paper (see the comments f ollowing
(9)), we will check the compatibility ofthe “Cassels-Tate” pairing of[22,
II.5.7(a)] with the “Albanese-Picard” pairing ofPoonen and Stoll [27]. Some
straightforward veriﬁcations will be ommited.
We begin by recalling from [22] the deﬁnition of the “Cassels-Tate” pair-
ing mentioned above. Let A be an abelian variety deﬁned over a global ﬁeld
K and let Y denote the spectrum ofthe ring ofintegers of K (in the number
ﬁeld case) or the unique smooth complete curve over the ﬁeld ofconstants
of K having function ﬁeld K (in the function ﬁeld case). Let U ⊂ Y denote
the complement ofthe ﬁnite set ofpoints of Y where A has bad reduction.
Then A extends to an abelian scheme A over U (see [3, Ch. 1, §1.4.3]).
Similarly, the dual abelian variety At extends to an abelian scheme At over
U. By [10, VIII.7.1(b)], the canonical Poincar´ e biextension of( A,At)b y
Gm extends to a biextension over U of( A,At)b yGm (see [22, Appendix
C] for basic facts regarding biextensions). Now, by [10, VII.3.6.5], (the iso-
morphism class of) this biextension corresponds to a map A⊗LAt → Gm[1]
in the derived category ofthe category ofsmooth sheaves on U (see below
for an explicit description of this correspondence over a ﬁeld. For derived
categories, see [36, Ch. 10] and [12, Ch. I]4). This map in turn induces (see
[22, p.284]) a canonical “cup-product” pairing
H1
c(U,A) × H1(U,At) → H3
c(U,Gm)   Q/Z,
where Hr
c(U,F) is Milne’s “cohomology group with compact support” of
the sheaf F (if K has no real primes, then these groups agree with the ´ etale
cohomology groups Hr(Y,j!F), where j! is the extension-by-zero functor).
Now deﬁne
D1(U,A)=I m( H1
c(U,A) → H1(U,A))
= Ker
 
H1(U,A) →
 
v/ ∈U
H1(Kv,A)
 
,
and similarly for At. Then the above pairing induces a pairing
(10) D1(U,A) × D1(U,At) → Q/Z.
4In the order suggested.412 Cristian D. Gonzalez-Aviles
Let g:S p e c K → U be the inclusion ofthe generic point into U. Then
g∗A = A (as sheaves for the smooth topology on U) and the canonical
map H1(U,A) → H1(K,A) induces an isomorphism D1(U,A)   W(A)
(see [22, II.5.5]). Similarly, g induces an isomorphism D1(U,At)   W(At).
Therefore (10) induces a pairing
(11) W(A) × W(At) → Q/Z,
and this is the “Cassels-Tate” pairing referred to above.
Now let V be a projective, smooth and geometrically connected scheme
over K. Poonen and Stoll [27, p.1116] have deﬁned an “Albanese-Picard”
pairing
(12) W(Alb0
V/K) × W(Pic0
V/K,red) → Q/Z,
which will be shown to be compatible with the “Cassels-Tate” pairing (11)
(for A = Alb0
V/K and At = Pic0
V/K,red). To this end, we will ﬁrst review the
alternative description of(12) in terms ofhypercohomology, f ollowing [27,
end of §3.2]. Write A = Alb0
V/K, At = Pic0
V/K,red and let Z0(VK) denote
the group ofzero-cycles ofdegree 0 on VK. Write Y 0(VK) for the kernel of
the canonical map Z0(VK) → A(K). Then there are exact sequences
(13) 0 →Y0(VK) →Z 0(VK) → A(K) → 0
and
(14) 0 → R(VK)∗ 
K
∗ → Div0(VK) → At(K) → 0,
where Div0(VK) is the group ofdivisors on VK algebraically equivalent to
zero. We will consider the complexes
M•
K =
 
Y 0(VK) →Z 0(VK)
 
=( M0
K → M1
K)
N•
K =
 
R(VK)∗ 
K
∗ → Div0(VK)
 
=( N0
K → N1
K)
P •
K = K
∗[−1].Brauer Groups and Tate-Shafarevich Groups 413
Now, for each ﬁnite extension L of K inside K, let AL denote the adele ring
of L and deﬁne AK = K ⊗K AK =
 
L AL, where the union extends over
all ﬁelds L as above. Then
A(AK)=
 
L
 
w
A(Lw)
where, for each L as above, the product extends over all primes w of L (see
[37, Ch. I, esp. Remark on p. 2] for basic facts on varieties deﬁned over
adele rings). Now deﬁne
Z0
 
VAK
 
=
 
L
 
w
Z0(VLw)
Y0
 
VAK
 
=
 
L
 
w
Y0(VLw)
Div0
 
VAK
 
=
 
L
 
w
Div0(VLw)
R
 
VAK
 ∗ 
A
∗
K =
 
L
 
w
R(VLw)∗ 
L∗
w.
Then, since for each L as above and each prime w of L there are sequences
analogous to (13) and (14) with K replaced by Lw, and these sequences are
exact for all but ﬁnitely many primes w (see [13, p. 249, Remark 1.6] and
[24, Theorem 1.1, p. 168] for the case of curves), there are exact sequences
0 →Y0(VAK) →Z 0(VAK) → A(AK) → 0
and
0 → R(VAK)∗ 
A
∗
K → Div0(VAK) → At(AK) → 0.
Consider now the complexes
M•
A =
 
Y 0
 
VAK
 
→Z 0
 
VAK
  
=( M0
A → M1
A)
N•
A =
 
R
 
VAK
 ∗ 
A
∗
K → Div0
 
VAK
  
=( N0
A → N1
A)
P •
A = A
∗
K[−1].414 Cristian D. Gonzalez-Aviles
In addition, deﬁne complexes M•
A/K, N•
A/K and P •
A/K by the exactness of
the sequences
0 → M•
K → M•
A → M•
A/K → 0,
0 → N•
K → N•
A → N•
A/K → 0,
0 → P •
K → P •
A → P •
A/K → 0.
Now let F be any ﬁeld containing K. Consider
EV/F = {(x,D) ∈Z0(VF) × Div0(VF): Suppx ∩ SuppD = ∅}
El
V/F = {(x,D) ∈Y0(VF) × Div0(VF): Suppx ∩ SuppD = ∅}
Er
V/F = {(x,D) ∈Z0(VF) × R(VF)∗ 
F∗: Suppx ∩ SuppD = ∅}
Elr
V/F = {(x,D) ∈Y0(VF) × R(VF)∗ 
F∗: Suppx ∩ SuppD = ∅}.
If J denotes either ofthese sets, we will write G(J) for the abelian group
with generators [x,D], (x,D) ∈ J, and relations
[x1 + x2,D]=[ x1,D]+[ x2,D], [x,D1 + D2]=[ x,D1]+[ x,D2].
Poonen and Stoll [Op.Cit.] have deﬁned pairings
(15) ϕV/F: G(El
V/F) → F∗
and
(16) ψV/F: G(Er
V/F) → F∗
which agree on G(Elr
V/F). We now deﬁne
G(EV/A)=
 
L
 
w
G(EV/Lw)
G(El
V/A)=
 
L
 
w
G(El
V/Lw)
G(Er
V/A)=
 
L
 
w
G(Er
V/Lw)
G(Elr
V/A)=
 
L
 
w
G(Elr
V/Lw).Brauer Groups and Tate-Shafarevich Groups 415
Then we have pairings
(17) ϕV/A: G(El
V/A) → A
∗
K
and
(18) ψV/A: G(Er
V/A) → A
∗
K
which agree on G(Elr
V/A). Consider next the complex
G•
A =( G(Elr
V/A)
d0
−→ G(El
V/A) ⊕ G(Er
V/A)
d1
−→ G(EV/A)),
where the maps d0 and d1 are induced by the corresponding maps ofthe
complex M•
A ⊗ N•
A (see [22, p.10] for the deﬁnition of these latter maps).
Then the pair ofpairings (17)-(18) induces a map ofcomplexes G•
A →
P •
A. On the other hand, [39, §2, p. 497] shows that there exists a quasi-
isomorphism G•
A
∼ → M•
A ⊗ N•
A and therefore a map
(19) M•
A ⊗LN•
A → P •
A
in the derived category ofthe category ofabelian groups. Note that since
the sequences (13) and (14) induce quasi-isomorphisms M•
A[1]   A(AK)
and N•
A[1]   At(AK), (19) corresponds to a map
(20) A(AK) ⊗LAt(AK) → P •
A[2] = Gm[1].
Now it is not diﬃcult to check that (19) maps M•
K ⊗L N•
K into P •
K, whence
there is a map M•
A/K⊗LN•
K → P •
A/K. Thus we have a “cup-product” pairing
H1 
M•
A/K
 
× H2 
N•
K
 
→ H3 
M•
A/K ⊗LN•
K
 
→ H3 
P •
A/K
 
which induces a pairing
(21) Ker
 
H2(M•
K) → H2(M•
A)
 
× Ker
 
H2(N•
K) → H2(N•
A)
 
→ H3(P•
A/K).
Now H2(M•
K)=H1(Γ,A(K)), H2(M•
A)=H1(Γ,A(AK)) and
Ker
 
H2(M•
K) → H2(M•
A)
 
= W(A)416 Cristian D. Gonzalez-Aviles
(and similarly for At). Further, H3(P•
A/K)=H2(Γ,A
∗
K/K
∗)=Q/Z by
class ﬁeld theory. Therefore (21) is a pairing
W(A) × W(At) → Q/Z,
and this is the “Albanese-Picard” pairing (12).
It follows from the above description that in order to establish the com-
patibility of(11) and (12) we only need to check the compatibility ofthe
maps A⊗ LAt → Gm[1] (coming from the canonical Poincar´ e biextension of
(A,At)b yGm) and (20) (which is induced by the pairings (15) and (16)).
Using the formulas g∗
v(A⊗ LAt)=AKv ⊗LAt
Kv for each prime v of K, where
gv:S p e cKv → U is the natural map, we are easily reduced to checking the
compatibility of(20) and the map
(22) A(AK) ⊗LAt(AK) → Gm[1]
induced by the canonical Poicar´ e biextension. To do so, it will be suﬃcient
to describe (22) with AK replaced by a (local) ﬁeld L ⊃ K. (This descrip-
tion, which we give below, seems to be well-known. See [39, §5] and [18,
§2].)
Let L be a ﬁeld containing K. The canonical Poincar´ e biextension of
(A,At)b yGm is the Gm-torsor over A × At: W = P\{ zero section},
where P is the Poincar´ e line bundle on A×At.N o wW(L) is a biextension
of( A(L),A t(L)) by L∗ whose points can be represented as triples (a,b,c),
where (a,b) ∈ A(L) × At(L) and c ∈ L∗. The two partial addition laws on
W(L) are given as follows. Let
(23) ˜ ϕA/L: G(˜ El
A/L) → L∗
and
(24) ˜ ψA/L: G(˜ Er
A/L) → L∗
be the pairings deﬁned by Zarhin in [39, proofofProp. 2, p. 496]. Then
(a1,b,c 1)+1(a2,b,c 2)=( a1+a2,b,c 1c2 ˜ ϕA/L[(a1+a2)−(a1)−(a2)+(0),D]),Brauer Groups and Tate-Shafarevich Groups 417
where D ∈ Div0(AL) represents b, and
(a,b1,c 1)+2 (a,b2,c 2)
=(a,b1 + b2,c 1c2 ˜ ψA/L[(a) − (0), t ∆((b1 + b2) − (b1) − (b2)+( ˆ 0))]),
where ∆ is a Poincar´ e divisor on A × At such that (a,b1 + b2) / ∈ Supp∆
(see [39, p.501] for further details). Then the map A(L) ⊗LAt(L) → L∗[1]
corresponding to W(L) under the isomorphism
Biext1(A(L),A t(L);L∗))   HomD(A(L) ⊗LAt(L),L ∗[1])
of[10, VII.3.6.5] is induced by (23) and (24). Finally, the compatibility of
the pairings (11) and (12) follows from [27, Prop. 31, p. 1144] and the
easily veriﬁed fact that the pairings (15)-(16) (for V = A) and (23)-(24) are
the same.
Remark. It is likely that Poonen and Stoll were unaware ofthe f act
that their “partially deﬁned” pairings of[27, p.1116] had (essentially) being
already deﬁned by Zarhin in [39]. We seem to be in the presence, therefore,
ofyet another example ofrediscovery in Mathematics.
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